Overview

Given a pair of random variables (X,Y)~Pyy and two convex
functions f; and f,, we introduce two bottleneck functionals as the
lower and upper boundaries of the two-dimensional convex set that

consists of the pairs (If1 W; X), I, (W; Y)),Where I¢ denotes f-

information and W varies over the set of all discrete random
variables satisfying the Markov condition W — X —» Y. Applying
Witsenhausen and Wyner‘s approach, we provide an algorithm for
computing boundaries of this set for f; and f,, and discrete Pyy. In
the binary symmetric case, we fully characterize the set when (1)
fi®) = f(t) = tlogt, (ii) fi(t) = fo(t) =t*—1, and (iii) f;
and f, are both ## norm function for § > 1. We then argue that
upper and lower boundaries 1n (1) correspond to Mrs. Gerber's
Lemma and its inverse (which we call Mr. Gerber's Lemma), 1n (11)
correspond to estimation-theoretic variants of Information
Bottleneck and Privacy Funnel, and in (111) correspond to Arimoto
Information Bottleneck and Privacy Funnel.

Keywords: Information bottleneck, privacy funnel, f{-
information, Mrs. Gerber’s lemma, Arimoto’s conditional
entropy.

Two Special Cases of Bottleneck Problems

The Information Bottleneck (IB) [1]

Given two correlated random variables X, Y and Pyy, the goal 1s to
determine a mapping Py x

I(W; X) minimized = compression

_— T —
Y — Py |x}t X Py | xt—W
\ /

I(W;Y) maximized = information preserved

* Lagrangian functional:
B(Pyy,A) = maxI(W;Y) — AI(W; X)

Pw\x
* Clustering, natural language processing, analysis on the training
process of deep neural nets [2, 3].

 E.g. X: MNIST handwritten digits, Y: labels, W: features

The Privacy Funnel (PR) [4]

The Privacy Funnel 1s a converse optimization problem comparing
to the IB. The goal 1s to seek a mapping Py, x satistying:

I(W;Y) maximized = revealing useful information

_— T —
Y — Py |x}e X< Py | xt—W
\ /

I(W;Y) minimized = privacy leakage

* Lagrangian functional:

Pw\x
* Useful in information-theoretic privacy

 E.g. X: Movie rating, Y: Political preference, W: Movie favor
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Motivation

* No operational meanings
. dp
« f-divergence: D¢(P||Q) = E [f (E)]
e f-divergence. y?-divergence: MMSE, Total variation, Hellinger
distance: hypothesis testing [5, 6].

* The method for the IB does not hold for f-divergence [7].

Goal

» frinformation: I (X;Y) = D¢ (Pxy||PxPy)

Bottleneck functional:

Bt ¢ (Pxy,x) = max I, (W;Y) such that I (W;X) < x

Funnel functional:

Fr. ¢ (Pxy,x) = Wr_r)l)i(zy I, (W;Y) such that I (W;X) > x

Upper and lower boundaries: {(Ifl W; X), 1., (W; Y))}

t BflafZ (ny,ilj)

If2 (W§ Y)

Achievable
Region

IFf1>f2(PXY7:E)

Ifl (W§ X)

Geometric Properties of Bottleneck Problems

Generalizing Witsenhausen’s and Wyner’s results in 1975 [8]
*c WoX->Y,Pyix =T,pw = PX|W(X|W =w),a,, = Py (w)

( r
C(T) =3(q, E[f (o)) Elg(Tpyw)D: vy € Ay, z Ay Dy = q}

\ wew
& S(T) ={(p, f (), g(Tp)):p € Ay}
 (C(T)=convex hull of S(T)

 Lower convex hull of ¢(p,A) = g(Tp) —Af(p) equals to
min{y — Ax: (q,x,y) € C(T)}

B0, 2)

Figure 1: T follows BSC with crossover probability 6 = 0.1 and
P{X=1} = q = 0.5.
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Main Results
Numerical Solutions for Generalized Bottleneck Problems
1. Compute ¢(p, 1) = g(Tp) — Af (p)
2. Compute the lower convex envelope Y (p, 1)
1) If ¢(q, 1) = (g, ), return (f(q), g(Tq))
2) If not, find a convex combination for g, and apply the
combination to (f(q), g(Tq))
Applications of the Generalized Bottleneck Problems
1. Estimation Bottleneck (EB) Problem
* =L =t*-1
. , .2 , _ Pywx(W, X) .
I, (Wi X) = x"(W; X) = E [(PW(W)PX(X))] 1
« Y2(X; ) =3%, 4;(X;Y), the sum of Principal Inertia
Components (PICs) [4], which 1s a direct bound of the
largest MMSE of estimating X given Y
2. Estimation Privacy Funnel
* F2(Pyy,x) = Wr_r)l)i(r_l)y I, (W;Y) such that I (W;X) > x
* Privacy measured in MMSE
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Binary Symmetric Channel (BSC)
2. Mr. Gerber’s Lemma [9]
« f1(t) = f,(t) = hy , the binary entropy function
* Mrs. Gerber’s Lemma
Ly(q,x) = hy(8 = hy ™" (x)), ¥ € [0, hy (q)]
* Mr. Gerber’s Lemma
Ur(q,x) = ahy(6 * q/z) + ah,(5),
x =ahy(q/z)],z = max(a, 2q),a € |0,1]
0.30{ — Bya(Pxy, x)
———= F,2(PxY, X)
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Figure 2: Left: The estimation bottleneck and privacy funnel.
Right: Set of achievable pairs of Arimoto mutual information

(Iﬁ(W; X), I (W; Y))
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4. Arimoto’s Mrs. And Mr. Gerber’s Lemma

* Ariosto's version of conditional Renyi entropy: for § > 2,

F1og Y aylip,|
1-8 wilPwlilp

wew

Hg(X|W) =

+ Kg(X) = exp |- Hp(X) |, (0, 1) = K5 (6 * p) — AR (p)

e Armmoto’s Mrs. Gerber’s Lemma:

Ll B
— >
logy = min Hp (Y|W) such that Hg(X|W) -3

(x,7) € {(Ks @), Ks(p + 6)): 0 < p < q}

1-p

e Arimoto’s Mr.s Gerber’s Lemma:

B B

P — <

-y logy = max Hp (Y|W) such that Hg(X|W) -y
q

(X, y) € {(& + aK[; (E) ) (lKlg (g * 6) + aKﬂ(6)> 0 < D
<gq,a € |0,1],z = max{a, 2q}}

Remarks

Allows different f-divergence for X and Y
How to find the lower/ upper convex hull in high-dimensional space?

EB/ estimation privacy funnel: new clustering techniques

= » b=

The Arimoto’s Mrs. And Mr. Gerber’s lemma for network information
theory: a new form of the Entropy Power Inequality (EPI)
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