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Background Principal Inertia Components (PICs)
e Extracting correlation/ correspondence in data is at the core of machine learning and data science e Starting from Maximal Correlation If f and g are linear functions: CCA
e Traditional machine learning: B (X)a(Y) Maximal Correlation
max X)g = pm(X5Y) = /A =VA2 =3
— PCA/ Canonical Correlation Analysis (CCA): restricted to single variable, hard to find non-linear relation 1+9 ( ) '
— Kernel methods (e.g. kernel PCA, kernel CCA): restricted to the pre-selected kernel family subjectto  E[f(X)] = E[g(Y)] =0 - |
) . | F(X)]l2=]lg(Y)]2=1 Maximizing functions: f;1(X) and g1 (Y")
¢ Modern machine learning: Variational Auto-Encoder, non-linear embedding, etc. Which functions of a hidden o |
. . variable can be estimated E[f(X)1(X)] =E[g(Y)g:(Y)] =0  Maximizing functions: f2(X) and g»(Y)
— Suffering from entanglement between representations with small mean-squared error?
— Hard to visualize, interpret min - mmse(f(X)|Y) =1— A, E[f(X)f2(X)] =E[g(Y)g2(Y)] =0  Maximizing functions: f3(X) and g3(Y)
f
* Let’s revisit an exploratory multivariate statistical tool: Correspondence Analysis st. E[f(X)] =0 -+ And so forth.
Analvsi (X)) =1 fi, fo, -+ and g1, g, - - - are Principal Functions Ay, Ao, --- are Principal Inertia Components
Correspondence Analysis (CA) E[f(X)fi(X)] =0 e The principal functions are in the Hilbert space of finite-variance functions
* Similar to PCA, Canonical Correlation Analysis (CCA), but e The principal functions are low-dimensional orthogonal (disentangled) representations of data
— Produces low-dimensional representation of data that captures non-linear relationships E[f(X)fi_1(X)] = 0 e Reconstitution Formula: Decomposition of a joint distribution. Let d = min{|X|, |V|} — 1
— Enables visualization and interpretability Maximizing function: f;(X)

\ ’ pxy(z,y) = px(2)p <1+Z\Ffz )

e Widely used in Genealogy, Epidemiology, Social and Environmental Sciences (see Selected Reference)

e Consider two random variables X and Y with their joint probability px y and supports X = [n], Y = [m] e PICs for Discrete Distributions: Proposition 2
Contingency Table Principal Functions Principal Functions PICs
T px.y(LD-px(Mpy(1) . pxy(@m)—px(1)py(m) T f1, fo, - g1,G2, - A, g, - -

Vpx (Lpy (1) Vpx (1)py (m) | I I

—1/2 T 1/2 . . :

Q =Dy " (Pxy —PxPy)Dy " = I g : Orthogonal factors of X Orthogonal factors of Y Factor scores: \; = o2
px,vy(In,1)—px(n)py(1) px,yv(n,m)—px(n)py(m) A R~—1/2 A (—1/2
\/ _ \/px(n)pY(l) \/px(n)pY(m) - L= DX U R= DY v

_ Diagonal matrices Correspondence Analysis Neural Net (CA-NN)
with marginals as entries

e Singular Value Decomposition: o;: singular values First Fgotoring Plgne e Searching the whole Hilbert space for f and g is infeasible
e B9 Xidiets, Y weights e Restricted to functions representable by neural nets
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First column of L and R
e Limitations of SVD-based Correspondence Analysis (Fi(z1), f2(x5)) min —2||C; Cngd FE[Ig(YV)|12],
1. Limited to categorical (discrete) data with finite support o
2. Reliably estimation of the contingency table (approximation of px,y) may be infeasible due to limited where C; = E[f(X)f(X)T], C, = E[f(X)g(Y)T], and ||Z||4 is the d-th Ky-Fan norm, defined as the sum
number of samples of the singular values of Z. Denoting by A and B the whitening matrices for f(X) and g(X), the principal
3. Not scalable for high-dimensional data functions are given by f(X) = [fo(X), -+, fa(X)]T = Al(X) and g(Y) = [go(Y),--- ,9a(Y)]T = Bg(Y).
Synthetic Data o Kaggle Food Recipe Dataset
Data Description
e Analytical solutions of principal functions are in general hard e X: 39774 recipes, 6714 ingredients . B orosition B niere B ren corean B outhern us
i B british B french italian B mexican Bl spanish )
e Discrete case (Binary Symmetric Channel): (€.g. peanuts, sesame, beef, etc.) 15 i B cojun creol geck W jamaiean moroccan M thai
: l chinese B indian japanese russian vietnamese
X ~ Bernoulli(p) Discrete PICs e Y: 20 types of cuisines |
. Y=X&Z . '
Z ~ Bernoulli(9) (e.g. Japanese, Greek, Jamaican , etc.)
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